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Abstract. Let p{t) be an admissible Hilbert polynomial in P" of degree d and Gotzmann number 
r. It is well known that Ti.ilh^^^^ can be seen as a closed subscheme of the Grasmannian G{N,s), 

where A'^ = ^"'+'') and s = N — p(r), hence, by Pliicker embedding, it becomes a closed subset of a 
suitable projective space. Let us denote by B the finite set of the Borel fixed ideals in k[Xo, . . . , X„] 
generated by s monomials of degree r. We associate to every monomial ideal J ^ B, a Pliicker 
coordinate pj. If Uj is the open subset of G(Af, s) given by pj ^ 0, which is isomorphic to the affine 
space A''''^^^', then "Hj = Hilb^^^j r\Uj is an open subset of Wilb^^jj and then can be seen as an 
affine subvaricty of A^^^"^'. The main results obtained in this paper are the following: 

i) Wj 7^ O Proj {k[Xo, . . .,X„]/J) G Hilh'^^.y, 

ii) if non-empty, Wj parametrizes all the homogeneous ideals / such that the set J\fJ of the 
monomials not belonging to J is a basis of k[Xo, . . . , Xn]/I as a fc-vector space; 

iii) the ideal defining "Hj as a subvariety of A"'^"''' (i.e. in "local" Pliicker coordinates) is 
generated in degree < d + 2; 

iv) "Hj can be isomorphically projected into a linear subspace of A"'^"^' of dimension < (t(N — s), 
where a is the number of minimal generators of the saturation J^"* of J; 

v) up to changes of coordinates in P", the open sets Tij cover 'Hilh^^^y namely; 

= U 9{nj). 

geGL(n+l) 

1. Introduction 

Let Tiilbp^j-) be the Hilbert scheme that parametrizes the subschemes in P" with Hilbert polynomial 
p{t). We do not have to underline the importance of Borel ideals in most of the main general results 
obtained until now about Hilbert schemes, first and foremost the proof of the connectedness due 
to Robin Hartshorne ([6]). We also quote the paper [13] where Alyson Reeves using Borel ideals 
determines the "radius " of Tiilbpi-j-j ; in that paper she posed the following as the first open question: 

Is the subset of Borel- fixed ideals on a component o/7iilbp(j) enough to determine the component? 
We know that every irreducible component (and every intersection of irreducible components) of 
7Yilbp((j contains at least a Borel point (i.e. a point defined by a Borel ideal), because Galligo's theorem 
states that every ideal can be deformed to a Borel ideal by a flat deformation. For this reason it is 
natural to take into consideration sets of points of Wilbp^j-, that are in some sense "collected around" 
each Borel point. 

To this purpose in this paper we give an explicit construction and investigate the properties of 
suitable open subsets Hj of Tiilbp^j-j where J is Borel fixed ideal, based on the following algebraic 
condition on quotients: / defines a point in Tij if the same set of monomials gives a fc- vector basis for 
both the quotient modulo / and the quotient modulo J. 

More generally, in SJ3] we consider for every monomial ideal J in V := k[Xo, . . . ,Xn] the family 
BSt{J) defined as follows: / G BSt{J) if / is an homogeneous ideal in V such that V — I (B (A/" J), as 
a fc-vector space, where AfJ is the sous-escalier of J that is the set of monomials that do not belong 
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to J. li MJ is a finite set, this construction is clearly close to that of Border bases (see [7j and [14]). 
On the other hand, we can easily see, as a consequence of a well kown property of initial ideals, that 
BSt{J) contains all the ideals / having J has its initial ideal with respect to some term order ^ on 
the monomials. Can we find a caracterization of the points in BSt{J) along the same lines as the 
theories of Grobner and border bases? 

In the last years several authors have been working on the family Sth{J, r^), called Grobner stratum, 
of all the ideals having the same initial ideal J with respect to a fixed term ordering ^, proving that 
Stfi{J, di) can be endowed of a structure of algebraic variety. We recall here [12], [IS], [2] and mainly 
[l] by Giuseppa Carra-Ferro, which is to our knowledge the first one. Usually the algebraic structure 
springs out of a procedure based on Buchberger's algorithm. However in [8j it is shown that most 
arguments involving the term ordering can be skiped out and replaced by some linear algebra tools. 

Following the same idea that leads to the construction of Sth{J,d:), in ^3] we show that every 
ideal / in BSt{J) contains a unique set of homogeneous polynomials of the type G/ = {fa = X" + 
^CajX'' I X" G Gj} where Gj is the monomial basis of J, X'* £ NJ and Ca-y G k {ca-y ^ only 
if Aeg{X'') = deg(X")). In the case of a Grobner stratum the set of polynomials G/ is the reduced 
Grobner basis of /. 

Even though in the present more general situation this idea does not function well, if wc assume 
that J is a Borel ideal we are able to prove, only by using linear algebra, that the Borel stratum 
BSt{J) has a very natural and well defined structure of afhne variety fCorollarv l3.10p . 

In iJHthe previously obtained results on BSt{J) are applied to the local study of the Hilbert scheme 
Hilbpjj). Firstly we choose for each point Z in Hilbp^^) only one ideal defining it, which is not the 
most usual saturated ideal 1{Z), but its truncation I := T{Z)>r, where r is the Gotzmann number 
of p{t). Every ideal of this type is generated by s := — p{r) forms of degree r (where N := {"^^))- 
In this way we obtain the classical embeddings: Tiilbpj-j-) > G(s, N) ^ P*-'^, where the second one is 
the Pliicker embedding. 

We observe that each Pliicker coordinate corresponds in a natural way to a monomial ideal J, 
generated by s monomials of degree r, namely generated by the hnear space Jr G G{s,N). Then 
we denote pj a Pliicker coordinate and by Uj and Ti.j respectively the open subsets of G(s, V) and 
Hilbp(t) given by pj ^ 0: it is well known that Uj = A''^^"'') and then Hj A-'^^"-') is an affine 
variety. The main aim of the present paper is to investigate general features of the affine varieties 
Ti.j under the additional condition that J is a Borel ideal. This limiting hypothesis on J is of the 
utmost importance for the results to be obtain and repeatedly appears in the proofs. However, thanks 
to Galligo theorem on generic initial ideals, these special open subsets Hj are sufficient for covering 
7Yilbp(-j-), up to the action of the linear group GL{n +1), that is up to changes of coordinates in P". 

Assuming that J is a Borel ideal, we first prove that Hj is empty if and only if J does not define a 
point of 7Yilbp((^, while on the contrary the open subset Tij, as an affine variety, is naturally isomorphic 
to the Borel stratum BSt{J) (Corollarv l4.3l and Theorem 15. ip . 

Moreover, we are able to prove that the ideal 3j defining Hj as a subvariety in A'*'^^"'*^ (that is in 
"local Pliicker coordinates"pa/p,/), is generated in a rather low degree. More precisely, 3,j is generated 
in degree < d+2, d being the dimension of the subschemes parametrized by Tiilbp^f), that is the degree 
of the Hilbert polynomial p{t). For instance, in the case of points, that is if Tiilbpj-j-) parametrizes 
0-dimensional schemes, then 3j is generated in degrees < 2. A similar result in the 0-dimensional case 
has been presented by M.E. Alonso, J. Brachat and B. Mourrain at MEGA 2009. 

Though a set of generators for the ideal 3j C k[C] (where |G| — s{N — s)) can be obtained in a very 
simple way just by using linear algebra (they are some of the minors of a suitable matrix: see (|5])) and 
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their degrees are resonably low, the number s{N — s) of the involved variables is in general high. In the 
paper [5] an analogous situation has been analized for the Grobner stratum Sth{J, if J is generated 
by the s highest degree r monomials with respect to <, then Sth{J, ^) — Wj. Under that stronger 
hypothesis, Jj turns out to be homogeneous with respect to a non-standard positive graduation on 
k[C]. This allows an embedding of Tij in its Zariski tangent space at the point corresponding to J 
itself and the projection can be simply obtained by eliminating some variables appearing in the linear 
part of polynomials in 3j (see [15] and Simply by assuming that J is Borel, we may define a 
graduation on k[C], in the same way as in the previous special case, and, again, 3j turns out to be 
homogeneous, but the graduation is not always positive. 

However we can define a partial ordering on a suitable subset C" of the variables C that "partially" 
makes up for the possible non-positivity of the graduation. In this way we can prove that the variables 
C" can be eliminated. Therefore Tij becames a subvariety in the affine space A°''^^~*\ where a is the 
number of minimal generators for the saturated ideal J'"^* and it is often far lower than the number 
s of generators of J (Corollary [53]). 

2. Notation 

Throughout the paper, we will consider the following general notation. 

We work on a algebraically closed ground field k of characteristic 0. V — k[Xo, . . . ,Xn] is the 
polynomial ring in the set of variables Xq , . . . , Xn that we will often denote by the compact notation 
X . We will denote by X°' the generic monomial in V, where a represents a multi-index (ao, ...,«„), 
that is X" = X^" ■ ■ ■ X^". X" \ X"^ means that X" divides X^, that is there exists a monomial Xf^ 
such that X"' ■ X^ = X'^ . If such monomial does not exist, we will write X" \ X'^ . 

For every monomial X" ^ 1 we set min(X°) :— min{i : If a is a monomial ideal in V, 

Ga will denote its monomials basis and Ma its sous-escalier that is the set of monomials that do not 
belong to a. We will denote by a™ and Mam respectively the elements of degree m in either set. 

We fix the following order on the set of variables Xo < Xi < ■ ■ ■ < Xn- A monomial X^ can 
be obtained by a monomial X" through an elementary move if X^Xi = X'^Xj for some variables 
Xi 7^ Xj or equivalently if there is a monomial X^ such that X" = X^Xi and X^ ~ X^Xj. We will 
denote an elementary move by X" X^ if Xi > Xj and by X" <— X^ if Xi < Xj. The transitive 
closure of the elementary moves gives a quasi-order on the set of monomials of any fixed degree that 
we will denote hy )^b- 

X" Xl^ X"' ^Xf^ ^ >Xf> XP for some monomials X^\...,X^K 

An ideal b C fc[Xo, . . . , A"„] is Borel- fixed if it is fixed under the action of the Borel subgroup of 
lower-triangular invertible matrices. We will use the following explicit characterization: a monomial 
ideal b is Borel fixed if and only if: X" e b and X'^ ^ X" =^ £ b. 

Note that -<b agree with every term ordering ~< onV such that Xq -<■■■-< X„, that is: X" -<b X^ 
^ Xl^. 

3. The family of a Borel ideal 

In this initial section we want to generalize the construction of the homogeneous Grobner stratum 
Sth{J,d:) of a monomial ideal J in V (see [1], [12], [15], [2], [8]). Roughly speaking, Sth{J,^) is an 
affine variety that parametrizes all the homogeneous ideals I C V whose initial ideal with respect 
to a fixed term ordering ^ is J. The main tools used in the construction of this family are reduced 
Grobner bases and Buchberger algorithm. If Gj is the monomial basis of J, an ideal / belongs to 
Sth{J, di) if its reduced Grobner basis is of the type {/„ — X" — J2 Ca-jX'^ / X°' e Gj} where Cq^ G fc, 
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X'^ e NJ and X^ -< X" (of the same degree). Due to the good properties of Grobner bases, we can 
also observe that is a basis of P// as a fc- vector space. 

We can now start from this last property and try to generalize the above construction, not consid- 
ering any term ordering in V . More explicitly, wc want to study the family of all the homogeneous 
ideals I C V such that TV J is a basis for the /c- vector space V/I. Every such ideal / has a special set 
of generators that looks like a reduced Grobner basis. This remark motivates the following: 

Definition 3.1. Let J be a monomial ideal in V with monomial basis Gj. We will call J-local set 

any set of homogeneous polynomials of the type: 

(1) G = |/„ ^ X°' + Y^ CajX'' / X" e Gjj with X^ e MJ and c^-y £ k. 

Moreover we will say that G is a J-local basis ifAfJ is a basis ofV/{G) as a k-vector space. 

It is quite obvious from the definition, that the ideal generated by a J-local basis has the same 
Hilbcrt function than J. 

The following examples shows that not every J-local set is also a J-local basis and that, more 
generally, J-local sets or even J-local bases do not have the good properties of Grobner bases. 

Example 3.2. In k[x,y,z] let J = {xy^z^) and I = {fi = xy + yz,f2 = + xz). The ideal I is 
generated by a J-local set. However J defines a 0-dimensional subscheme in P^, while I defines a 
1-dimensional subscheme (because it contains the line x + z = 0). Therefore, {/i, /2} is not a J-local 
basis because I and J do not have the same Hilbert function. 

Even when the ideal / is generated by a J-local set and they share the same Hilbert function, the 
J-local set is not necessarily a J-local basis, that is AfJ is not necessarily a basis for P// as a fc- vector 
space. 

Example 3.3. In k[x,y,z], let J = (xy^z'^) and let I be the ideal generated by the J-local set {gi = 
xy -\- x'^ — yz , 92 = + — xz}. It is easy to verify that both J and I are complete intersections of 
two quadrics and then they have the same Hilbert function. However, NJ is not a basis for V/I: in 
fact zgi -\- yg2 = x^z -\-y^ G I is a sum of monomials in AfJ, hence {51,52} is not a J-local basis. 

Lemma 3.4. Let I and J be ideals in V, with I homogeneous and J monomial. 

If NJ is a basis for V/I as a k-vector space, then I contains a unique J-local set Gj. 

Proof. Let X" be any monomial in the monomial basis Gj of J. By hypothesis, the class modulo / 
of X" can be written, in a unique way, as a A;-linear combination ^ Ca-yX'^ of monomials X'' G AfJ. 
The difference of the two is then a polynomial € / of the wanted type: note that fa must be 

homogeneous because / is homogeneous and AfJ is a basis of the quotient. 

The polynomials fa form the only J-local set G/ contained in / ■ 

When the monomial ideal J is the initial ideal of / with respect to a term ordering, then the reduced 
Grobner basis of I is exactly the J-local set contained in I and it is also J-local basis for I. Hence / 
has a J-local basis which acts also as a set of generators. However in general the hypotheses of the 
previous lemma do not imply that the J-local set G/ contained in I is also a J-local basis; in fact the 
ideal generated by G/ can be strictly smaller than /. 

Example 3.5. In k[x, y, z] let J = {xy, z^) and I = [fi = xy + yz, f2 = + xz, fs = xyz). Both 
I and J define dimensional subschemes in of degree 4. In order to verify that Af J is a basis 
for k[x,y,z]/I it is sufficient to show that, for every m > 2, the k-vector space Vm = Im -\- MJm = 
Im-\-{x"^-, y"^, x™~^z, y^~^z) is equal to y, z]m- Form = 2, this is a obvious. Then, assume m > 3. 
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First of all we observe that yz^ — zfi — /s G then Vm contains all the monomials Moreover 
x^y ~ xfi — fa G I and xy"^~^ = y"^^^fi — zy™'^^ G V^„; then V„i contains all the monomials a;™^*?/'. 
Finally, we can see by induction on i that all the monomials a;*z™~* belongs to Vm- In fact as already 
proved, S Vm, hence x^^^z^-'+i e Vm implies x'z""-' ^ x'-^ z"'-'-^ f2 - x'-^ z"'-''+^ e Vm- 

However the J-local set Gi — {/i,/2} is not a J-local basis because it does not generate I (see 
Examvle [J7^) . 

We can recover most of the good properties of Grobner bases in J-local bases, when J is a Borel 
fixed monomial ideal. 

Theorem 3.6. Let J be a Borel fixed monomial ideal in V with monomial basis Gj and let I be a 
homogeneous ideal generated by a J-local set Gj = {fa = X°' + ^ Ca^X'^ / X°' G Gj}. 

Then J\fJ generate V / 1 as a k-vector space, so that dim^ Im > dim^ J,„ for every m > 0. 

Moreover: Gi is a J-local basis <;=^ / and J share the same Hilbert function. 

Proof. We will prove, by induction on to, that AfJm generates {V / I)m namely that every monomial 
in Jm can be written modulo / as a sum of monomials in AfJm- We will use every polynomial fa as 
a "rewriting low" : in fact, modulo /, every X" G Gj can be replaced by — X] Ca-yX'^ with X^ G NJ. 

If TO = there is nothing to prove. Lt us assume that to > and that the thesis holds in degree 
TO — 1. Consider a monomial X^ G Jm- If X^ G Gj, we can immediately conclude using G G/. 
On the contrary, Xl^ = for some X°' G Jm~i- by the inductive hypothesis, we can rewrite 

X" modulo / by —'^Ca-yX'' which is a sum of monomials of J\fJm-i- Then we can rewite X^ by 
— ^ Ca-fX^ Xi. This is not always a sum of monomials in J\fJm, because some of the monomials X^Xi 
could belong to Jm- In case X'^Xi G Gj, we proceed as before rewriting it through the corresponding 
element in G/. If, on the other hand, X'^Xi = X'^Xj with X"^ G Jm-i, we can rewrite X^ using the 
inductive hypothesis. Again, some monomial of J\fJm-i multiplied by Xj could belong to Jm and so 
on. 

This procedure will stop in a finite number of steps because J is Borel fixed. In fact, in this 
hypothesis, X'^Xi = X'^Xj, with X^ G NJm-i, X'' G J,„_i implies X'^ X^, hence X, > Xj. ■ 

If the ideal J in not Borel fixed, the procedure of reduction described in the proof of the previous 
result could give rise to a "loop" without end. 

Example 3.7. Let us consider the ideals of Example \3-2[ The monomial xyz can be reduced modulo 
I using fi as xyz — zfi — —yz"^ . This last monomial also belongs to J and can be reduced modulo I 
using /2 as ^yz"^ + J//2 = xyz, which is again the initial monomial. 

Definition 3.8. For every Borel fixed ideal J in V , the Borel stratum of J is the family, that we 
will denote by BSt{ J), of all homogeneous ideals I such that J\fJ is a basis of the quotient V / 1 as a 
k-vector space. 

We can reformulate the previous results in the following way: 
Corollary 3.9. Let J be a Borel ideal. Then: 



Since a J-local basis for an ideal / is uniquely determined, we can give an explicit description of 
the family BSt{J) using this special set of generators. 

Let us consider a new variable Ca-y for every monomial X" in the monomial basis Gj of J and 
for every monomial X^ G TV J of the same degree as X" . We can denote by G the set of these new 
variables. 
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Moreover, let us consider the polynomials Fa — X" + ^C^-yX^ e k[X,C] and collect them in a 
set: 

(2) e = {F„ = X" + ^a7^V^"eGj}. 

We can obtain every ideal / G BSt{J) specializing (in a unique way) the variables Ca-y in k, but not 
every specialization gives rise to an ideal in BSt(J). 

Corollary 3.10. If J is a Borel fixed ideal in V , the Borel stratum BSt{J) is an affine subvariety in 
, where K = #(C), that contains the origin, the point corresponding to J itself. 

Proof. Thanks to Theorem 13.61 a specialization C c ^ k transforms Q \n a J- local basis G if and 
only if dimfe((G')„i) < dimfc(J„j) for every m > 0. We can then consider for each m the matrix Am 
whose columns correspond to the degree m monomials in V and whose rows contain the coefficients 
of those monomials in every polynomial of the type X^Fa such that deg(X^+") = m: every entry in 
Am is either 0, 1 or one of the variables C. The ideal of BSt{J) in k[C] is then generated by all the 
minors in Am of order dimfe( J„i) + 1 for every m > 0. ■ 

Remark 3.11. Due to Gotzmann's persistence, in order to obtain a set of generators for the ideal of 
BSt{J) it will be sufficient to take into consideration the matrices Am only for m < r + I, where r is 
the Gotzmann number of the Hilbert polynomial ofP/J. 

4. Borel strata and Hilbert schemes 

In this section we will apply the results obtained in the previous one and prove that Borel strata 
give in a very natural way an open covering for every Hilbert scheme of subschemes of P". 

First of all, let us recall how Hilbert schemes can be constructed and introduce some related 
notation. In the following, p{t) will be an admissible Hilbert polynomial in P" of degree d and Tiilbp^^) 
will denote the Hilbert scheme parameterizing all the subschemes Z in P" with Hilbert polynomial 
p{t). We will always denote by r the Gotzmann number oip{t), that is the worst Castelnuovo-Mumford 
regularity for the subschemes parametrized by Tiilbp^^), by N the number ("^^), and by s the number 
N -p{r). 

Every subscheme Z G Tiilbp^j^ can be obtained by using many different ideals in V, first of all the 
saturated ideal 2{Z) = (BiH^Iz{i), whose regularity is lower than or equal to r. Here we prefer to 
consider the "truncated" ideal / ~ X{Z)>r, which is generated by s linearly independent forms of 
degree r and so it is uniquely determined by a linear subspace of dimension s in the fc-vector space 
V = Vr oi dimension N. Thus, Tiilbp^^) can be embedded in the Grassmannian G(s, V) of the s- 
dimensional subspaces of V. By abuse of notation, we will write / G G(s, V) if / is the ideal generated 
by Ir € G(s, V) and also / G Hilb^^j) if moreover / defines a subscheme in P" with Hilbert polynomial 
Pit). 

Using Pliicker coordinates, G(s, V) becames a closed subvariety of the projective space P*^, where 
M + 1 = (^) : each Pliicker coordinate corresponds to a set of s different elements in a given basis for 
V: the most natural basis to choose from is the one given by all the degree r monomials. 

In the following, we will denote by Q the set of the monomial ideals in G(s, V) and by B those that 
are Borel fixed. 

There is an obvious 1 — 1 correspondence between Pliicker coordinates and ideals in Q: then we 
will denote by pj the Pliicker coordinate corresponding to J G Q. 

If / G G{s,V), due to Gotzmann's persistence we can say that / G Tiilbpj-j-) if and only if 
dimfc(/r+i) < si :— {"^^^^) — p{r + 1). This condition directly gives equations defining 7iilbp(() 
as a subscheme of G{s,V). 
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Remark 4.1. A different choice of generators for V corresponds to a linear change of Pliicker coor- 
dinates, but not to all of them. If for instance we consider e linear change of variables in V and the 
basis of V given by the monomials in the new variables, the corresponding linear change of coordinates 
does not modify the equations of G(s, V) in P*^, while not every permutation of variables in P^^ does 
the same. 

As well known, G(s, V) can be covered by the open subsets Uj given by pj 7^ 0, J E Q. Each Uj 
is isomorphic to the affine space A*^^"*^ 

Since Tiilbp^^-, > G(s, V) is in fact a closed embedding, the intersections Hj —UjH Hilbp^j^ give 
an open covering of Tiilbpj-j-) by afline varieties. For the aim of the present paper we will consider a 
slightly different open covering of Tiilbp^j-, : more precisely we will prove that Tiilbpj-j-) can be covered 
by the open subsets Tij, where J varies among the Borel fixed ideals with Hilbert polynomial p{t), 
and by the open subsets that we can obtain from these up homogeneous changes of coordinates in V, 
that is under the action of the linear group GL{n + 1). 

First of all we prove that if J E B, than Hj is either empty or it is the Borel stratum BSt{J) 
defined in Sj3l 

Proposition 4.2. Let J an ideal in B and let I be a homogeneous ideal generated by a J -local set Gj. 
If J ^ Tiilbpjj-) then also I ^ Hilbp^f) . 

If, on the other hand, J £ Tiilbp^^), then the following are equivalent: 

i) I e Hilb;\,) 

a) Gi is a J -local basis; 

a) NJr+i is a basis for {V /I)r+i as a k-vector space; 
iv) dinifc Ir+i = dinifc J^+i. 

Proof. The first statement and "ij ii/'are straightforward consequence of Theorem 13.61 The 
implications "izj => iii/' and "iiij w/' are obvious. Finally, "wj =^ i/' follows from Gotzmann 
persistence (see Remark l3. lip . ■ 

We can summarize the previous proposition in terms of the open subsets TLj as follows: 

Corollary 4.3. IfJeB, then: 

(1) nj = (D^j^m\h;^ty 

(2) If J E Wilbp(t); then: I eHj ^ I E BSt{J). 

Proof. Both statements are straightforward consequence of Proposition 14.21 and of the definitions of 
Uj and BSt{J). ■ 

If J G f^, the condition J £ Hilbp^jj is sometimes expressed in leterature saying that Gj is a 
Gotzmann set. 

Definition 4.4. The Borel covering of TYilbpj-j-) is the family containing the open subsets of the type 
TLj, where J B D TYilbp^^^, and also containing the open subsets that can be obtained from these 
through a linear change of coordinates in V , that is of the type g(Ti.j), g G GL(n + 1). 

Now we prove that the expression "Borel covering" is correct. 

Proposition 4.5. The "Borel covering" ofTCilhpfj.-^ is in fact an open covering, that is: 

Wilb^(,) = □ g{nj). 

geGL{n+l) 



8 



MARGHERITA ROGGERO 



Proof. Let / G TYilbp^^^ be any ideal and ^ any term ordering on monomials in V. Due to Galligo 
Theorem ([5]), in general coordinates the initial ideal J of / is Borel fixed. Then, as well known, I 
and J have the same Hilbert polynomial. Since / is generated in degree r, which is its regularity, also 
J is generated in degree r and so J S Hilbp^j^ n B. Then / belongs to the open subset Hj. 

Hence every ideal / £ Hilbpj-^-) belongs to some of the open subsets of the Borel covering. ■ 

5. The ideal defining Hj in A'*^^"'*) 

In the present section we want to study the family that parametrizes all the ideals / G Tiilbp^^j with 
non-zero Pliicker coordinate pj, namely the open set Tij of TiiVop^^-^, and its properties as an affine 
variety. In the previous section it is proved that in the non-trivial case J G Tiilbpj-j-) and Tij contains 
the same ideals than the Borel stratum of BSt{J). 

In !j3]we proved that the Borel stratum BSt{J) can be seen as an affine subscheme in a suitable 
affine space (see Proposition I3.10p and in SJH that Tij is a closed subscheme of the open subset 
Uj ~ A''^^^'*^ of the Grassmannian G(s, V), hence Tij is an affine scheme. Now we will prove that 
in fact Tij and BSt{J) are isomorphic. 

Theorem 5.1. If J £ Hilbp^j-j n B, then Hj ~ BSt{J) as affine varieties. 

Moreover the ideal 3j defining TLj as a subscheme of A'^^-^^^\ that is in "local" Pliicker coordinates, 
is generated in degree < d + 2. 

Proof. First of all we verify that the number K of corrdinates C is precisely s{N — s). In fact if we 
write the set of homogeneous polynomials of ([2]) in the present hypothesis: 

(3) g = {Fa^X'' + Y, Cc^jX^ I G Gj , X^ G MJr} 

we can see that \C\ = \Gj\ ■ \NJr\ = s{N - s). 

Moreover, every parameter Ca-y is nothing else than the local Pliicker coordinate Pa/pj where a 
is the monomial ideal generated by Ga — {Gj U {X''}) \ {X"}. Furthermore, Tij as a subscheme of 
^s(Af-s) BSt{J) as a subscheme of A^ are defined in the same way, that is imposing that the 
dimension in degree r -I- 1 be si := dimfc( J^+i) (see Proposition [421). 

For the second part of the thesis, we follow the proof of Proposition lB.lOl Let us consider the matrix 
A = Ar+i, whose columns correspond to the degree r + 1 monomials in V and whose rows contain 
the corresponding coefficients of the polynomials XiFa. Every monomial in Jr+i can be written, not 
necessarily in a unique way, as a product of a monomial X" G Jr and a variable Xi. Let us choose 
for each monomial in Jr+i one of this expressions XiX" and order the columns of A so that the first 
si columns correspond to the chosen forms XiX"' for the monomials of Jr+i, ordered in decreasing 
order with respect to the index i. Moreover let us order the rows of A so that the first si of them 
contain the coefficient of XiFa corresponding to and in the same order as the first si columns. 

Claim: The square submatrix T) oi A given by the first si rows and columns has determinant 
equal to 1. More precisely, it is an upper triangular matrix of the following special form: 



/ I{n) 



(4) V 



• • • • 



I{n 



• • • 



... I{k) • 

: : : ■■. 

V /(O) / 

where each /(fc) stands for an identity matrix and corresponds to the group of rows and columns 
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The coefficient of XiX" in XiFa is 1 and so the elements on the diagonal of V are all 1. All the 
other non-zero entries in T> are coefficients of some monomial X'^ £ JVJr that is variables Ca^ such 
that X.X'f e J, that is X,X'i = XjX>^ with X^ £ Jr. Then ^ X^, because J is Borel fixed. 
Hence Xi > Xj. This shows that we can find a non-constant entry in the row XiFa only on columns 
corresponding to variables Xj strictly lower than Xi (i.e. where there is a "•" in the above picture). 
This completes the proof of the claim. 

The ideal 3j of Hj is then generated by the determinants of the submatrices of order si -I- 1 
containing P. Before computing those determinants we can row-reduce A with respect to the first si 
rows. (Note that this is nothing else than the reduction procedure of Theorem 13.61 that uses the Fa 
as rewriting lows). 

In order to prove that Jj is generated in degree < d -I- 2 we choose to order the rows and columns 
of ^ in a special way: for every monomial in J^+i we chose the form XiX" with Xi = mm{XiX°') 
and X" G Jr (note that the hypothesis J Borel fixed allows this special choice). The key point in 
our argument is that for every X'^ e AfJr, the variable Xj = miii(X'^) is lower than or equal to X^, 
because a Borel ideal J can define a d-dimensional subscheme only if X^^-^ G J. This implies that we 
can find non-constant entries in A only in columns correspondings to a j'-block with j < d. 

Thus A assumes the following easier form: 



/ I{n, . 



(5) 



A = 



1) 







I{d) 



/(O) 



V 



where there is a big identity block I{n, . . . , d -I- 1) corresponding to the variables Xn, 
stands for a sequence of entries that are all except at most a 1. 
Then the ideal 3j is generated by polynomials of the type: 



.,Xd+i and 



/ I{n,...,d 




(6) 



det 



1) 



I{d) 



m 



\ 



After a partial row reduction, we obtain: 



/ I{d) 



(7) 



det 







7(0) 



v 



7 



stands for a linear forms in k[C]. It is easy to control! (for instance by a rows reduction of 
the last row) that the determinant is a polynomial in k[C] of degree < d + 2. ■ 

The ideal Jj in k[C] that defines Tij is then generated in a quite small degree, but it lives in a 
polynomial ring with a very high number of variables. Now we will show that Tij can be obtained by 
an ideal in a "smaller" polynomial ring. More precisely, we will prove that Tij can be isomorphically 
projected in a linear space which is in general of far lower dimension than s(N — s). This also will 
give an upper bound for the dimension of Hj itself. 
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Definition 5.2. In the same hypothesis of Theorem \5.1[ let E be the following set of monomials: 

eE ^ XqX^ = X,X°' with Xi ^ Xo and X" e J^. 

Let us denote by C" the set of variables C/j-y with X^ G E and by C its complementary C \ C" . 

In practice, E contains all the monomial of Jr except those that can be obtained multiplying by a 
suitable power of Xq the minimal generators of the ideal b — J'*"' . Hence, every monomial in E is a 
product XiX^ with I ^ and X^ G b. Let us split the set of monomials E in the disjoint subsets Ei 
accordingly with the maximal Xi such that X^/Xi belongs to b. 

It will be usefuU to consider in C" the following quasi-order. 

Definition 5.3. For every Cp^, Cp:^> G C" we put Cp^ >~ Cp/^i if X>^ G Ei, X>^' G Ei, with I > V or 
I = /' andXP >-B X^' . 

Theorem 5.4. Let b be a saturated, Borel fixed ideal such that J = b>r £ ^ilbp(f). Then the ideal 
3j n k[C'] of k[C'] defines an affine variety isomorphic to TCj, that is Ti.j can be isomorphically 
projected into the affine space A'*^ ' given by C" = 0. 

Proof. First of all, we prove that for every variable C^-y G C" we can find a polynomial fjg^ G 3j in 
which CfSj only appears as a degree 1 monomial and that the set of polynomials {Fpj} allows the 
complete elimination of the variables C". 

Let us consider again the matrix A defined in Theorem 15.11 but now we choose to write every 
monomial in J^+i in the special form XiX" where Xi is the maximal variable such that X"' G Jr- 

By the definition, for every X^ £ E we have XqX^ = XigX"'" where io > and Xi^^Fag corresponds 
to one of the first si rows in A, that is to one of the rows of T>. Thus XgFp corresponds to a row 
which is not in that first group of si. The polynomial F/^j we are looking for is the determinant of 
the (si + 1) X (si + 1) matrix V given by the first si rows and columns and by the row of XqFij and 
the column of X^X'^ . 

If Xn 7^ Xig , every column in T>' that corresponds to a monomial of the type X„X" contains 
only entries, except 1 in the rows XnE^'. then we can exclude those columns and lines without 
modifying the determinant. Again, we can do the same for the group of columns XiX" for every 
i = n — 1, . . . ,io + I and also for the group of columns corresponding to XiX" except XigX°'°. Now 
Fi3j is the determinant of a matrix A4 as in the following picture: 



X 


/ 


1 


• 


• 


• 


• 


\ 









1 


• 


• 


• 




X^F-^ 









1 


• 


• 
















1 


• 




XoFl^ 


v 


1 










C/37 


/ 



It remains to prove that the set of polynomials {F/^j / Cp^ G C"} allows the complete elimination 
of the set of variables C". For this we observe that for every parameter CaS G C" appearing as a • in 
M it holds Cf3j >- CaS with respect to the quasi order of Definition 15.31 

In fact, as a consequence of the roule we adopted choosing the first rows, X^ G Ei^, while if XiFa 
corresponds to one of the first si rows of A^, then X" G Ei for some I < i < io- Then Cp^ >- CaS if 
i > io and also if A" = A"" G E^^ because XqX^ = XigX°'° imphes X^^ A"«. 
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Remark 5.6. If J is generated by an r-segment, that is by the s greatest monomials of degree r with 
respect to some term ordering ^ on V , then all the ideals in Tij have initial ideal J with respect to :<, 
that is TCj is isomorphic to the Grobner stratum Sth{ J, In this case we can apply a general result 
about Grobner strata saying that the ideal Jj is homogeneous with respect to a positive graduation in 
k[C] and embed TLj in its Zariski tangent space to the point J (see 15j and [2\). Hence, if J is a 
smooth point o/ Tiilb^j-j-) , then Tij is isomorphic to an affine space, so that the component o/Wilbp^j) 
containing J is rational. (For properties of the points on Tiilbp^^) defined by an r-segment see also 



Under the weaker hypothesis that J is a Borel ideal, anyway 3j turnes out to be homogeneous. 
The graduation is given in the same way, that is k[C] is graduated over Z"+^ and the degree of Caj 
is a — J. However, the graduation is not always positive because it is possible to find non costant 
monomials with the same degree as the monomial 1. (In fact the graduation is positive if and only if 
there is a term ordering with respect to which J is of the above said type). The previous results allows 
an elimination of variables that partially substitutes the good properties of a positive graduation. 
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